We investigate the topology of complete Riemannian manifolds with the radial curvature at the base manifold bounded below by those of model surfaces. Here, model surfaces are generalized surfaces of revolution and warped product models which are diffeomorphic to S n .
Introduction
The Alexandrov-Toponogov comparison theorems play an essential role for the investigation of curvature and topology of Riemannian manifolds. Many attempts have been made to extend the reference spaces to those with non-constant curvature, for instance, Abresch [1, 2] , Elerath [3] , Greene and Wu [4] , and Machigashira [7, 8] , etc. They mainly deal with Hadamard surfaces of revolution whose Gaussian curvature has special restrictions.
We discuss two kinds of reference spaces. One of them has the rotationally symmetric metric around the base pointõ of a reference surface M, where the cut locus C(õ) toõ is either an empty set (when M is diffeomorphic to R n ) or C(õ) coincides with the first conjugate locus which is a single point, sayõ 1 
∈ M (when M is diffeomorphic to S n ). Such a ( M,õ) is called a model surface of revolution.
The other reference space is a warped product model ( M, N), where M := (−˜ − ,˜ + ) × N admits the metric expressed by the normal exponential map along the base manifold N as (the precise definition is given later) 
N (x), (t, x) ∈ (−˜
The function K : (−˜ − ,˜ + ) → R is called the radial curvature function of a warped product model ( M, N). Note that the cut locus C(N) to N is either an empty set (wheñ
coincides with the first focal locus to N. Moreover, M is diffeomorphic to either R n if and only if C(N) consists of a single point (i.e. one of the two constants˜ ± is finite) or else S n if and only if C(N) consists of two points (i.e. both˜ − and˜ + are finite). We prove topological sphere theorems by using the model spaces with non-constant curvature. For simplicity, we only discuss warped product models which are diffeomorphic to S n . We may understand that every compact model surface of revolution is a compact warped product model by taking a suitable level hypersurface at which f takes a positive critical value.
Let M be a connected complete Riemannian n-manifold with a base point at o or with a compact connected (n − 1)-dimensional totally geodesic hypersurface N. 
Here, the plane spanned byγ (t) and X is a radial plane and 
With this notation our first result is stated as follows.
Let ( M, N) be a warped product model diffeomorphic to S n . We say that (M, N) is referred to ( M, N) (or the reference space of (M, N) is ( M, N)) if and only if N is totally geodesic and (1.3) is satisfied along every minimizing geodesic from N.
Let (M, N) be referred to a warped product model ( M, N) diffeomorphic to S n , and
Here d M (N, x) is the oriented distance function and takes the values on
From now on, we setp ± ∈ M ± are points furthest from N and d(N,p ± ) =˜ ± . With this notation we state our final result.
THEOREM B. Let (M, N) be referred to warped product model ( M, N).
Here
Theorem A extends the result by Kondo (see [5, 6] ). He has given a topological sphere theorem when the reference space is a compact von Mangoldt surface ( M,õ) of revolution with a singular point atõ 1 . Hereõ 1 is the unique point furthest fromõ such that d(õ,õ 1 ) =˜ and the metric is expressed by
and the radial curvature function is monotone and non-increasing on [0,˜ ].
Our proof requires the Toponogov comparison theorem for (generalized) narrow triangles where the reference space is a general model surface of revolution and warped product model.
Topological restrictions on radially curved manifolds have been obtained in [1, 2, 7-10, 13]. Basic tools used for the proofs of our theorems and the characterization of the general warped product models are stated in Section 2. We give the proofs of our results in Section 3.
Review of the known results
We restrict to consider warped product models of the form M = (−˜ − ,˜ + ) × f N, where˜ ± < ∞ and N is the standard (n − 1)-sphere and f a warping function such that
The model surfaces of revolution are considered as the special warped product models. We may discuss the warped product models. Because our models do not have constant curvature, we cannot apply the spherical trigonometry. The Clairaut relation gives restrictions to the behavior of geodesics on models and plays an essential role for our study. The following proposition is valid for all the warped product models as stated in the classification [9] . = (γ (s), ∇t (γ (s) 
then there exists a constant C(γ ) depending only onγ such that
We next see that the axiom of plane holds for all the warped product models as stated (see [10] ). 
unit speed geodesic which is transversal to a meridian. Then S(γ ) ⊂ M is totally geodesic. Moreover, the inner distance of S(γ ) coincides with that of M ifγ is minimizing. Here S(γ ) is the ruled surface consisting of all the meridians passing through points onγ [0, a).

We finally introduce the Toponogov triangle comparison theorem for generalized geodesic triangles on ( M, N). We assume that (M, N) is referred to ( M, N). A generalized geodesic triangle (Nxy) ⊂ M is defined by a triple of minimizing geodesics α, β, γ
Here x, y ∈ M \N are taken in the same component of M \N and α, β are minimizing geodesics from N.
A (Nxy) is called a generalized narrow triangle if and only if α(t) ∈ B(β(t), δ(M)), t ∈ [0, 1]. Here δ(M) is the convexity radius of M.
The following theorem has been established in [9] and valid for pointed manifolds referred to model surfaces of revolution.
THEOREM 2.3. (Narrow triangle comparison theorem, [9]) Assume that (M, N) is referred to ( M, N). Assume further that a generalized narrow triangle (Nxy) ⊂ M admits the corresponding generalized narrow triangle (Nxỹ) ⊂ M such that d(N, x) = d(N,x), d(N, y) = d(N,ỹ), d(x, y) = d(x,ỹ). (2.1)
Then we have
Note that the existence of the corresponding generalized narrow triangle in M is ensured by the Berger comparison theorem for focal point distance.
Remark. Theorem 2.3 is valid for (M, o) referred to a model surface ( M,õ) of revolution. , N) 
Proofs of the theorems
The crucial point of the proofs of our theorems is to verify that if (M, o) (or (M, N)) is referred to ( M, o) (or ( M
Let 0 = t 0 < t 1 < · · · < t k = 1
be chosen such that (oσ (t i−1 )σ (t i )) for each
i = 1, 2, .
. . , k is a narrow triangle and such that d(o, σ (t j ))
. From now on, we put 
The equality holds if and only if x i−1xixi+1 = π. It follows from the assumption
On the other hand, from Toponogov's theorem we get õx jxj −1 ≤ π/2. If we suppose that õx jxj −1 < π/2 then we have a contradiction for x j −1 ) . Thus, we see that õx jxj −1 = π/2. From this, we get C (σ j −1 ) = f (d(o, x j ) ) sin õx jxj −1 = f (d(o, x j ) ). Therefore, we observe thatx j ∈ B (õ, ε( M)) ∪ B(o  *  , ε( M) ). This follows from the choice of ε 1 ( M) and ε( M).
First of all, we suppose thatx j ∈ B(õ, ε( M)). A contradiction is derived by the triangle inequality:
On the other hand,
This means thatx
we can think about the following two cases. 
. This implies that õx jxj −1 > π/2, a contradiction to the choice of x j .
Step 2. Next we show that there is no critical point q of ρ o satisfying ε( M) ≤ ρ o (q) < max ρ o . We suppose that there exists a critical point q ∈ M such that 
and
Here the equality holds if and only if x i−1xixi+1 = π. From (3.1) and Toponogov's theorem, we see thatx Remark. We can obtain the same consequence to M − by using a method similar to that which is used in the above proposition. From this, we see that (M, N) is composed with two topological disks. Therefore, we have proved that (M, N) is homeomorphic to S n .
